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In this note, we obtain the maximum intersecting families of multisubsets with
a given rank k. This partly solves an open problem posed by Engel and Frankl.
 1997 Academic Press
1. INTRODUCTION
Engel and Frankl posed in [2] the following problem on t-intersecting
families of multisubsets.
Open Problem. Determine the exact value of the cardinalities of the
maximum t-intersecting families of multisubsets with rank k.
The problem remains unsettled for all t. Here, we solve the problem for
t=1, i.e., for the case of intersecting families.
Throughout, let n and s be positive integers. Denote (s+1)n=
[(x1 , x2 , ..., xn) | 0xis, xi is an integer for each i ], which defines the
collection of all multisubsets on an n-set X=[1, 2, ..., n] with the repetition
xi between 0 and s for each element i. Our aim is to find maximum inter-
secting families with given rank in (s+1)n.
Definition 1. (1) F(s+1)n is called an intersecting family if, for
any a, b # F, ai7bi=min(ai , bi)>0 for some i ’s. If for any a, b # F,
ai7bi>0 for at least t i ’s, then F is called a t-intersecting family in
(s+1)n.
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(2) For x=(x1 , x2 , ..., xn) # (s+1)n, the rank of x is defined as
r(x)=ni=1 xi .
(3) The k th Whitney number of (s+1)n is defined as the size of the
collection of all multisubsets with rank k and is denoted by ( nk )s . More
generally, we define the Whitney number ( ij )s of (s+1)
n as
\ ij +s= } {(x1 , x2 , ..., xi , 0, ..., 0) | (x1 , x2 , ..., xi , 0, ..., 0) # (s+1)n,
:
i
r=1
xr=j= } .
In particular, if s=1, then ( ij )s reduces to (
i
j ). For j>i, we define (
i
j )=0.
For an n-set X=[1, 2, ..., n] and an integer k with 0kn, C kn denotes
the collection of all k-subsets of X. For subset A, Ac=X&A and |A|
denotes the number of the elements of A. For A, BX with A & B=<, we
denote A+B=A _ B. For a=(a1 , a2 , ..., an) # (s+1)n, the support of a is
defined as s(a)=[ j | 1jn, aj>0]. For F(s+1)n, the support of F
is defined as S(F)=[s(a) | a # F].
Most of our other notation and terminologies are the same as those
in [1].
What are the maximum t-intersecting families with rank k in (s+1)n? It
is a hard problem (see [14]). According to [2, 3], the determination of
maximum t-intersecting families of multisubsets with given rank in (s+1)n
appears difficult already for t=1. In [5, 6], we studied maximum t-inter-
secting and cross-intersecting family of subsets,respectively, which are
closely connected with the above open problem.
2. INTERSECTING FAMILIES WITH RANK k
In this section, we at first prove an inequality on the Whitney numbers
( ij )s and then obtain maximum intersecting families of multisubsets with
rank k (nkns).
Lemma 1. ( i&pk&i&ps)s(
n&i&p
k&(n&i)&ps)s for all i, k, n, and p with 2in,
0pi, and nkns. In particular, ( ik&i)s(
n&i
k&(n&i))s for 2in and
nkns.
Proof (By induction on s). For s=1, then for 2in and k=n, we have
( ik&i )(
n&i
k&(n&i)).
Suppose that the lemma is true for s&1. Then from the definition of
( ij )s , we have
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\ ij+ s= } {(x1 , x2 , ..., xi , 0, ..., 0) | (x1 , x2 , ..., xi , 0, ..., 0) # (s+1)n, :
i
r=1
xr=j= }
= } {(x1 , x2 , ..., xi , 0, ..., 0) | (x1 , x2 , ..., xi , 0, ..., 0) # (s+1)n, :
i
r=1
xr=j,
xi1=xi2= } } } =xiq=s for some i1 , i2 , ..., iq ,
0xus&1(u{i1 , i2 , ..., iq)= }
= :
i
q=0 \
i
q + } {(x1 , ..., xi&q , 0, ..., 0) | (x1 , x2 , ..., xi&q , 0, ..., 0) # sn,
:
i&q
r=1
xr=j&qs= }
= :
i
q=0 \
i
q +\
i&q
j&qs+s&1.
Furthermore, by induction assumptions, we can obtain that ( i  pk  i  ps)s=
i  pq=0 (
i  p
q )(
i  p  q
k  i  ps  qs)s  1  
n  i  p
q=0 (
n  i  p
q )(
n  i  p  q
k  (n  i)  ps  qs)s  1  (
n  i  p
k  (n  i)  ps)s .
Therefore, the lemma holds for all s.
In the following, we show a connection between an intersecting family of
multisubsets and an intersecting family of subsets (see [5] for its proof ).
Lemma 2. F is an intersecting family of multisubsets if and only if S(F)
is an intersecting family of subsets.
Let F be an intersecting family in (s+1)n and Fi=[s(x) | x # F,
|s(x)|=i ]. Then Fi+Fn&i is an intersecting families of i- and (n&i)-
subsets.
Lemma 3. Let 02in. Then
|Fi+Fn&i |{ \
n&1
n2&1+ , if i=n&i
\ nn&i+ , if i{n&i.
Proof. If i{n&i, then A # Fi implies |A|=i, |Ac|=n&i, and
Ac  Fn&i . It follows that |Fi+Fn&i |=|[Ac | A # Fi ]+Fn&i ||C n&in |
( nn&i ).
If i=n&i, we have Fi+Fn&iC n2n is an intersecting family. It follows
from the Erdo sKoRado theorem (see [1]) that |Fi+Fn&i |( n&1i&1 ).
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With the above lemmas, we can prove our main theorem.
Theorem 4. Let F be an intersecting family in (s+1)n with given rank k
and nkns. Then
|F|{
:
i[n2]+1 \
n
i+\
i
k&i+s ,
:
i[n2]+1 \
n
i +\
i
k&i+s+\
n&1
[n2]&1+\
[n2]
k&[n2]+s ,
if n is odd,
if n is even.
The bound is sharp.
Proof. For any AX, denote Wk(A)=|[x | s(x)=A, r(x)=k]|, then
Wk(A)=( |A|k&|A| )s . We have two cases:
(i) If n is odd , then
|F|= :
A # S(F)
Wk(A)= :
n
i=0
:
A # Fi
\ ik&i+s= :
n
i=0
|Fi | \ ik&i+s
 :
[n2]
i=0 _ |Fi | \
i
k&i+ s+|Fn&i | \
n&i
k&(n&i)+s&
 :
[n2]
i=0
|Fi+Fn&i | \ n&ik&(n&i)+s (by Lemma 1)
 :
[n2]
i=0 \
n
n&i+\
i
k&(n&i)+s (by Lemma 3)
 :
i[n2]+1 \
n
i+\
i
k&i+s .
Let F1=[x | |s(x)|[n2]+1]. Then |F1|=i[n2]+1 ( ni )(
i
k&i )s .
On the other hand, for any x, y # F1 , we can see that |s(x) & s( y)|=
|s(x)|+|s( y)|&|s(x) _ s( y)|n+1&n1. It follows from Lemma 2 that
F1 is an intersecting family.
(ii) If n is even, then
|F|= :
A # S(F)
Wk(A)= :
n
i=0
:
A # Fi
\ ik&i+s= :
n
i=0
|Fi | \ ik&i+s
 :
n2&1
i=0
|Fi+Fn&i | \ n&ik&(n&i)+ s+|Fn2| \
n2
k&n2+ s
 :
in2+1 \
n
i+\
i
k&i+ s+\
n&1
n2&1+\
n2
k&n2+s .
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Let F2=[x | |s(x)|n2+1]+[x | |s(x)|=n2, 1  s(x)], then |F2|
achieves the bound. Moreover, for any f, g # F1 , if |s( f )|n2+1 and
|s(g)|  n2, then |s( f ) & s(g)| = |s( f )| + |s(g)| & |s( f ) _ s(g)| n+1&
n1. If |s( f )|=|s(g)|=n2, then 1  s( f ) and 1  s(g). It follows that
|s( f ) & s(g)|=|s( f )|+|s(g)|&|s( f ) _ s(g)|n&(n&1)1. It follows that
F2 is an intersecting family.
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